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EQUILIBRIUM OF A HOMOGENEOUS ELASTIC MEDIUM BOUNDED BY A RECTILINEAR STIFF ROD’

S.K, KANAUN

A uniform elastic medium with an inclusion in the shape of an elongated
solid of revolution is considered. It is assumed that the elastic moduli
of the medium are much small than the elastic moduli of the inclusion
(stiff rod). The principal term is constructed for the expansion of the
elastic fields in a medium with a stiff rod in a series of small par-
ameters of the problem: the ratio between the characteristic linear
dimensions of the inclusion and the ratio between the elastic moduli of
the medium and the inclusion, The part of the principal term of the
"inner" expansion, the stress field within the rod, that varies slowly
along the rod axis, is determined by a method described in /1/. Rods
with a different change in the radius of the transverse section along the
axis, in the shape of a cylinder, an elongated ellipsoid, and a tapered
spindle are considered. By using a well-known integral operator the
principal term of the desired expansion of the elastic fields outside the
rods is restored according to the known inner expansion.

1. Formulation of the problem. 1In a uniform elastic medium with elastic modulus
tensor ¢, let there be an inclusion with the moduli ¢ = ¢; + ¢;,. The inclusion occupies a
domain V which has the shape of a body of revolution with axis I' and radius a (z), where z
is a pointon I' and a{z) is a continuous, piecewise-smooth function. We assume that the
length of the inclusion along the axis T (2) considerably exceeds its characteristic radius
a, while the stiffness of the inclusion is significantly greater than the stiffness of the
medium (c4-c? = O (), § <€ 1 where the dot denotes tonvolution of the tensors in the two indices).

The stress field o (z) in the medium with the inclusion satisfies the well-known relation-—
ship /2/ (x (2, x5, z3) is a point of the medium )

e (x) 0 (2)+ 5K(1——1’)-01-0“~0(I')d1¢':00_1'00 (@) -
c(@ =c z=V; c@)=cp z&EV

where o0, (r) is the external field applied to the medium whose characteristic scale of variation
will be considered to be comparable with the rod length but considerably greater than the
characteristic radius a. The kernel K (z) of the integral operator K in this relationship is
expressed in terms of the second derivatives of Green's function G for the medium ¢,

K apap () = — (VaV,Grp (Napyowrs Voo ¥ ViGuy (7) = — 8 (2) 8, (1.2)

Here & (z) is the delta function and §,f is the Kronecker delta.

It follows from (l1l.1) that the elastic field outside the domain V is restored by means
of the values of ¢ (1) within V. The equation for the field ¢ (2) within the rod is obtained
by multiplying both sides of (l1.1) by the characteristic function of the domain V.

It will later be convenient to consider the tensor components ¢ and ¢, in (1.1) as
dimensionless quantities, where ¢, =0 (1),c? = O (8). For this it is sufficient to multiply
both sides of (l.1) by the characteristic value of the elastic modulus of the medium.

In this paper we construct the principal term of the expansion of the field o (z) within
the rod in a series in small parameters of the problem e¢=a/l and 8. As follows from the
results of /1/, the principal term of the expansion mentioned for o¢ (x) consists of a slowly
varying component along the rod axis and functions of boundary-layer type localized in the
neighbourhood of singular points of I', breaks in the function a(z) or the ends of the rod.
The main purpose of the paper is to construct the slowly varying part of the principal term
of the expansion of o (z) in series in ¢ and 6.
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Let us note an important property of the limit of the solution of (1.1) in e. If we pass
to the limit as £€—0 in this equation, its solution o () turms out to be constant in each
section of the rod (see /l/). Consequently, it can be expected that the principal term of the
desired expansion of the field o (zr) will be constant in transverse sections of the domain V,
at least far from the rod ends and points of the break in the function « (z). This allows some
simplification of the initial equation (1.1).

We place the origin of a Cartesian system of coordinates Y, lf,, 2z at the middle of the
rod while directing the z axis along [I. We let o (z) denote the transverse section of the
rod. For each point z& V a unique representation z =y -+ zm hold, where vy (¥, y.) 1is a
vector in the plane o (z). and m is the direction of the z axis. Assuming o (z) == g (z), we
examine (l.1) at points on the rod axis I. We introduce the relative coordinates E = z/l, 1y =
y/l and after integration over the transverse sections o () we obtain

co(® + { EEE)cp-ct-o®)ds =ct-00(8) (1-3)

-1

Eee)= | Kig—t)m—n1an’ (1.4)

[olt]

It turns out that the components varying slowly along I' for the principal term of the
desired expansion of the function o (z) and the solution of (1.3) are in agreement. Eq.(1.3)
also enables us to find the most "far-acting” of the functions of boundary layer type that
occur in the expression for the principal term of the expansion ¢ (z).

We will now construct the formal expression for theprincipal term of the expansion of
the solution of (1.3) in a series in the small parameters ¢ and § (Sect.3). We will first
find the explicit form of the kernel K (£, &) of the operator K in (1.3) in Sect.2.

2, Representation of the operator K. we will introduce the tensor basis P;(m)that
is convenient for representing the quadrivalent tensors occurring in the problem and which we
construct from the unit vector m, and the bivalent tensor 8y = 843 — memg

Plar"k_u = (eaueru)(aﬁ) ) Pzrr.,’;.p, = eaﬁe).u» Paa?;.u = or/.,’,mk my

Piapap = mamyBiu. Praprp == (0nmamu)as) opy Poaziy == Momam,m

It can be shown that these six linearly independent tensors form a closed algebra relative
to the multiplication~convolution operation in two indices. An analgous tensor basis was
examined in /3/ (Appendix 4) where a "multiplication" table of the tensors P;(m) and an
inversion formula for the tensor belonging to a linear shell P; (m) are presented.

Furthermore, we will consider themedium to be isotropic and the rod to be transversely-
isotropic with isotropy axis directed along the I' axis. If m is the direction of the isotropy
axis, then the tensors c¢, and ¢ in the basis P, (m) take the form

co = 20oPy + Ay (Py - Py + P,) + 4poPs + (ho + 210) Py @)
¢ = 2pP; + APy + v (Py + P,) + yP5 + pPy
Here Aq, By are the Lame parameters of the medium, and the relationship between the con-

stants A, p, T, y,p and the technical elastic moduli of a transversely-isotropic body is given
by the equalities

. _ (e 1\ . A R

El——EZ—(_Z_A—_!—_!;—u”) 1 Em—"z(k_*_u sy =Ny =n (22)
1 1

v1=E1<‘Tp—_'ﬁ_)v Vz:Ezjz—y ”m—__Tv

A=2[A+pp— 1

where £, E,, E,, are Young's moduli (E, is the modulus along the isotropy axis) v;,v, and
Poisson's ratios, and p,, p,, H,, are shear moduli.

The expression for the symbol K* (k) of the operator K in (1.1) - the Fourier trans-
formation of the function K (z) (1.2) ~ in the basis P;(m) has the form

1 k A,
K* (k) == Py (m) -+ (1 = %) Py ()], ne= i, sy = 700 (2.3)

where [k (ky, k,, k) 1is the vector parameter of the Fourier transformation (the ki, by, by coor-
dinate system is conjugate to 1)y, Mg, 2). B
We now turn to (1.3) and we find an expression for the function X (§,§) the kernel of
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the integral operator K in this equation. The equality

EEe)=@n* | dn (K (k)exp{— k(e —¥)m— |} dk
[

W)

follows from relationships (1.4) and (2.3), where the integration over & (k, k,, k) is performed
over the whole k-space. Changing the order of evaluating the integrals, first with respect
to w(f), and then with respect to ky , k,, we obtain

K@) =@ | K@) ke nt-Odh, o@f)—-—8 24

where the function K* (e (§'), k) - the symbol of the operator K — :has the form

R* =k*Py + k*Py -+ kg* (Py+ Py) - kg*Pg + kg* Py (2.5)
k¥ = (16pg) 1[4 (2 — ng) To* - %, To*),

Eo* = (320) 1 5ty (T* — 4T %)

ks* = — (Aug) o To*,  Fs* = (215) 2 (2 — T')* — 2%,T,*)

Foo¥ == (2p) T2 (1 — s} (1 — Ty*) 4 %,7'5%]

The functions T *(e, k) and T,*(e,k) are determined by the relationships (the sub~-
script 3 is here and henceforth omitted from the argument Fk,)

Ty* (e, k) = e (ENR[ K (e@)NED, To*(e, b)) = (2.6)

e (E) KKy (e (E) kD)
where K, and K, are modified Bessel functions.
_ It is seen hence and from (2.4) and (2.5) that the kernel K (§, &) of the integral operator
K is governed by a formula analogous to (2.5) in which 7T,* (e, k) and T,* (g, k) should be
replaced by the functions

T ()= ——o8l @.7)

20—+ {E)] :

SV =
T8 8)=— dg’{ [(g~g')2+s2(§/)]'/’}

They are the Fourier transforms T,* (g, k), T.* (¢, k) in the variable k and are the kernels
of the integral operators T, and T, whose action on the function ¢ (§8) is governed by the
formula

(To) )= { 1@ ) o@)dy, i=12 (2.8)
~1

The function e (E) in (2.4)-(2.7) can be represented in the form of the product &(t) = ea (§),
e<<1,a(f)=0(1), where a(§) is a function of the rod shape. _

Let us extract the principal terms of the expansion of the symbol K* (2.5) in a series
in the small parameter e. Expanding the Bessel functions K, and K, in the mentioned series
in (2.6) /4/, we will have

K* (e, k)= A, + (2 Ing) a® (F') k24, + O (e?) (2.9
Ay = Bpg) {22 — %) P, — % Py + 4Py)
Ay = (Bpo)™ [2(1 — xo) Py — Py + 2%, (Py + P,) + 2% —

1) Py — 4P]

We will note the properties of the tensor A, that are important for later. We introduce
the orthogonal projectors © and II (I is the unit quadrivalent tensor)

6 =P +2P, TI=P,, 6+ =1 (2.10)
0.6=0, N.OI=1, 6-MM=106=0
The linear space drawn by the tensors P;(m) is divided into two orthogonal subspaces

(® and II) by using these projectors. It can be shown that the tensor 4, belongs to the
subspace © and has a non-degenerate inverse A, ' therein

0.4, =4,0=4, Nd4,=A4,0 =0, 4,4, = A;7"4,=190 (2.41)
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3. A formal scheme for constructing the principal terms of the solution
of (1.3). we will examine a formal procedure for constructing the principal terms of the
expansion of the solution of (1.3) in a series in ¢ and §. We will retain the first two
components in the symbol K* (e, k) of the operator K in expansion (2.9). Then (1.3) takes
the form (D = d/df)

¢ o (8) + Agecp-ctoo (B) — €2 In eD? [a? (B) 0 (B)] = ¢,7 - 0,(8) 3.1)
We will seek the solution of this equation in the form
6 (E) = 06° (§) + e2lnect (§) +. .. (3.2)

We obtain the equation for the principal term of this expansion o°(§) by substituting
(3.2) into (3.1) and retaining terms of the highest order in ¢ on the left-hand side.

The following cases are possible depending on the relationship between the small par-
ameters & and §.

1°, 8%Ine =0 (1). In this case the equation for ¢°(%) take the form

¢l.g° (g) -+ Ao'cl‘c—l'oo (‘E) = 00_1-00 (5)

Acting with the operators 8 and II on both sides of this equation and taking account
of the properties (2.11) of the tensor A4, we obtain two relationships

4006 (B) + (O — Ageg)-ct-0° (8) = 6-¢471 0 (B) 3.3)
I-ct0” @) =TI-c;'- 04 (8); 06°=6-0° o°=I1-0" (3.4)

Since A4, is a non-degenerate tensor in the subspace © with components of the order of
unity, the estimates gg°(§) = O (1), 0z°(§) = O (6™)) follow from (3.3) and (3.4). (It is
assumed here that o, (%) = O (1)). Hence, taking into account the equality 048 = on’m*mP we
obtain the following estimate for the tensor ¢°(§):

07 (£) = 0" {)momd + O (1), 0" (§) =0 (87Y) (3.5)

The expression for the axial component o0,°(f) of the tensor o°(§) follows from (3.4)
and (3.5) and has the form

O® (8) = EmEs" [0om (8) — Vo tT Goa (B)] (3.6)

where 1r 0ge = (0ge)a® is the trace of the tensor oe; E, Ve are the Young's modulus and
Poisson's ratio of the medium, and E,, is Young's modulus of the rod.

20, 67'%Ine =0 (1) (cy-c? = O(e2lne)). In this case the equation for o°(§) in (3.2) agrees
with (3.1). Acting with the operators € and II on both sides of (3.1), exactly as in
case 19, it can be shown that the tensor ¢°(E) satisfies the estimate (3.5) while the
equation for the axial component om° (8) of this tensor takes the form

D*[03 (£) 0" (B)] — P70," () =55 [Gom (&) — Vo b 0o (B)] 37
P=— e, p=0()

The function ¢°(f) can be found from this differential equation apart from two arbitrary
constants. To determine these constants, certain additional conditions (Sect.4) must be
imposed on the function ¢,°(§).

let us estimate the closeness of the formal expressions obtained for o¢°(f) to the sol-
ution of the integral Eq.(l1.3). To do this we will investigate the residual from the right-
hand side of (1.3), that occurs on substituting the function o¢°(§) in its left-hand side.
If ¢°(%) satisfies the estimate (3.5), then the Il~component of the residual turns out to
be most essential. Substituting the function ¢° (§) into the left-hand side of (l1.3) and
acting with the operator Il on the result, we will have

U0 (E) — (T0m") () = /o (§) + R (0", &) (3.8)
E, 1—v,
am=1+'2E—m':__;‘:y T=T1~-2(1—’:)--)(:)‘T2

Fo (&) =2 [0 (&) — v, tr e (B))

1— 3

where R (6m°, &) is the desired residual, and the operators T,,T. are defined by the
relationships (2.7) and (2.8).

A component 0.,°(E) must be added to on!(§) to compensate for the residual so that the
function om (§) = 0.° (§) + om! (§) would satisfy the equation

AmOm — TO0m =/, {3.9)



620

If the component ¢,! can be neglected as compared with 0,°, the function gx'm%mi is
the principal term of the expansion of the solution of (1.3} in a series in & and §. Other-
wise, the principal term of the expansion of g,'in ¢ and § should be added to ¢,° We note
that the ©-component of the residual from the right-hand side of (1.3) is compensated by
components of the order of unity that are small compared with the axial component of the order
of §! on substituting a function o¢°{f) of the form (3.5) into the left~hand side Eg, (1.3).

wWe examine the form of the residual R in (3.8) for a rod with a different law of variation
of the radius of the transverse section along the & axis.

4, Cylindrical rod. For a cylindrical rod e:=afl, «(§) -=1. We will estimate the
result of the action of the operators 7, and T, in (2.8) on a smooth bounded function o (§) of
the order of unity. We will represent (7,0}{E) in the form

(Tw0) @) =T @0+ T:' € Do E)+ ~—;— T2 (§) D% (F) -+ (4.1)

1

\ T @) [o@) —o@—Do@@E —5—

—1

S Do®E ~ 8] dr
1
rre=§ rene-yay, k=012 %)
-1

where the kernel T, (§, &) has the form (2.7) for e (L) = e.
Evaluating the integrals (4.2) and substituting the result into (4.1}, we obtain the
estimate

(T10) () =0(® — [ @ (255) + @, (~E5) ot — (4.3)

e[, ! :3)—@(&55)] Do (8) — -¢* IneD ) +
%—82 Ine{®, (1 —8,8) + O (1 4§, 8)] D% (§) - O (e?)

It is here taken into account that the integral component in (4.1) is of the order of
e?; @, O,, B, are functions of boundary-layer type localized in the neighbourhood of the rod
ends § = 44

R 1 1
(Do(t)::m;f signt (1 . _]'f_tL%:_I?T) y Dy ()= VEET (4.4)

@, e) =t — Ulney In (¥ F+ &~ 1)

The estimate

{(Tro))=—c¢ [(DIG—T—E—) — O, (L;;—_E_)] D5 (8)— {4.5)

2
e IneD0 (}) ~ e lue [y (1 —E &) +
D, (1 + & &)} D% (E) + O (e2)

can be obtained analogously.

We will examine the case when 8'?lne = o (1) and the function o¢° (§) bhas the form (3.6).
substituting (3.6) into (3.8) and taking account of (4.3) and (4.5), for the residual R we
obtain the expression

1%

R=[®,(-52) 4+ 0y (L52) 0,5 1) + 0 (eon) (4.6)

To compensate the principal term of the residual that is of the order of Om in the
neighbourhood of the rod ends, components o," and Om Wwhichdepend on the "fast" variables
1, = {1 — 8/ and 1.= {1+ E)e must be added to the function o’ . The equations for the func-
tions omt follow from (3.8) and have the form

OO (To) — (T 10 E) (1) == Dy (14) 0" (- 1) “7)
(T0) (1) = § To(t — Ty 0 (V) 41"

7‘1(1):_—;—(12 N 1)7“[1“ 1-72)-‘&0 (1~ jil)]
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The numerical solution of the Wiener-Hopf equation analogous to (4.7) was considered in
/1/. If 87%*lne=o (1) then the functions g,* (1 — EV/e) and om ((1 + E)/e), respectively
are of theorder ¢,,° for § =1 and §= —1 and are functions of boundary-layer type localized
in the neighbourhood of the rod ends. The remaining part of the residual is compensated by
components of the order of €0m’ 1in the expression for om, that can be neglected compared
with the principal term 0m°(8) + on® (1 — EVe) + om™ ((1 + E)/e).

We will now examine the case when §7lg2lne¢ = O (1). The function o¢°(§) here satisfies
(3.7) (for a (§) =1) and depends on two arbitrary constants. Onsubstituting the solution
(3.7) into the left-~hand side of (3.8) and taking account of (4.3) and (4.5) the residual R
has the form (4.6) as before. The principal term of the residual is obviously a minimum if
the function on°(8), as a solution of (3.7), also satisfies the conditions

Um.o (_1) = O'rn.o (1) - 0 (48)

These conditions enable the constants in the general solution of (3.7) to be determined.

If 0,°(E) satisfies (3.7) and (4.8), then the expression for the residual R in (3.8) takes
the form

1{:8[‘1’(1+§)Dom°(—1)——‘I’(i—g)Do,,f(i)]+ (4.9)

€ €
0 (¢2 In e0,,°)

V(1) =Ds(t) — 55y Ou(t), Q)= (Y EFT1—]1])

where Y ((1 -=§)/e) is a function of boundary-layer type. To compensate the principal term of
the residual that is now of the order of eDo»° in the neighbourhood of the rod ends, the
components eg” ((1 + E)/e) and eg* ((1 — E)/e) should now be added to 0n°(£). The equation for the
functions g~ and g* have a form analogous to (4.7) with right-hand sides ¥ (1_) Don°(—1) and
—V¥ (x,) Dom° (1), respectively. The components ¢g¢” and €€ can be neglected everywhere as
compared with o,.°(§) with the exception of &-neighbourhoods of the rod ends since the func-
tion o,°(§) tends to zero as t-—» 41 by virtue of (4.8).

We note that for p>»1(6'¢?Ine = o0 (1)) the solution of (3.7) for « (§) =1 with conditions
(4.8) differs slightly from (3.6). Neighbourhoods of the rod ends that are domains of an
exponential boundary layer are the exception. Therefore, to construct the slowly varying
component of the principal term of the expansion of the function ¢ (§) in ¢ and 6 it is
sufficient to examine the case 6 lg?2lneg = O (1). Other modifications of the relationships
between ¢ and § can also be investigated for this case by using appropriate passages to the
limit in the expression ¢°(£) . We note that functions of boundary-layer type that occur in
the principal term of the asymptotic form of the solution for 0&7'&*lne =o (1) are not
exponential but power-law (see (4.7)). Consequently, the function 0°(f) satisfying (3.7)
and (4.8) in the case P >>1 describes the behaviour of the principal term of the solution
(3.9) in the neighbourhood of the rod ends only qualitatively.

The accuracy of the approximation of the solution of (3.9) by the functions o° (&)
satisfying (3.7) and (4.8) will be examined in the next example. We find the solution of a
model equation analogous to (3.9)

am0 — T;0 = —Yllne, op=1—1Yp%*lne (4.10)
where the operator 7,is defined by the relationships (2.7) and (2.8) for e(§) = ¢
The procedure described for constructing the principal term of the expansion of the

solution (4.10) in a series in ¢ results in the differential equation D%’ - p%°= —1 with
homogeneous boundary conditions (4.8). We hence have the expression
0° (}) = p~* (1 — ch pElch p), (4.11)

We will compare the expression obtained for the principal term of the expansion of the
solution (4.10) in a series in & with the results of a numerical solution of this equation
as represented in Fig.l (e=0.4) and Fig.2 (s = 0.01) by continuous lines, and the function ¢° (§)
from (4.11) by dashed lines. Values of the parameter p=04,1.2, 2,10 correspond to curves I—¢,
It is seen that the difference between ¢°(f) and o (§) is substantial only in the neighbour-
hood of the rod ends.

Remark. We examine the residual from the right side of the initial Eq.(l.1) on sub-
stituting the function o°() satisfying (3.7) and (4.8) into its left-hand side. It can be
shown that if o°() is the principal term of the solution of (1.3), then the residual
mentioned is represented in the form R =0Q(In|D)oc°(§) where Q () is an analytic function
whose expansion starts with terms linear in t /1/. The components compensating this part of
the residual in the expression for o (r) are of the order of ed®(§) everywhere with the excep-
tion of the neighbourhood of the rod ends a power-law boundary layer domain.

The function ¢°(§) satisfying (3.7) and {4.8) was compared with the exact solution of
the problem on the tension of a medium with a stiff cylindrical rod in /5/. This solution
was constructed by the finite-elements method. It turned out that the deviation of ¢°(f) from
o (z) was considerable only in the neighbourhood of the rod ends, which corresponds to the
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estimates in this paper.
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5. An ellipsoidal rod. 1In this case ¢(&) =&} 1 —£2, a(f)=VY1—E. 1If o(f is
a smooth bounded function of order unity, then the estimate for (7,0)(E) and (7,0)(§) that
can be obtained in the same way as (4.3) and {(4.5) take the form

(740) (8) = o (§) — et IneD?* [{1 — &) o (B)] + O (¢7)
(7,0} (B) = 2 IneD {1 — E) o (B)] + O (&%)

Therefore, unlike the case of a cylindrical rod, the principal terms of the expansions
of (T,0)(§) and (Ty0) (§) in series in & do not contain functions of boundary~layer type. It
hence follows that if the function ¢,°(f) is bounded and satisfies Eq.(3.7) for a (B) =
yi—¢

I °
Lr

h A
8§ /Ym

wa
—
(5
=Y
~—

{g)] - ngm
then the residual R in (3.8) takes the form

R = 0 (gon") (5.2)
{{o (8) and p* are defined in (3.7) and (3.8)}.

We note that each of the two linearly independent solutions of the homogeneous Eq. (5.1)

has a singularity of the type (1 — &Y' or (1 4§ in the neighbourhood of the points § = -I-1.
Consequently, the boundedness condition for o, (§) is sufficient to determine the constants
in the general solution of (5.1). The components in the expression for o (§), that compensate
the residual (5.2) in (3.8), are of the oxder of (Ine)¢,° for all Etexl—1,1] and can be

neglected compared with o, .
If f, is a constant function on I', then the bounded solution of (5

O’ = (82 In ey (2 4+ P ey — D) fo (5.3)

f

constant wWe note that in th
constans. W& noete that in ©

i & M 3 ¥
Eq.{1.1} for an ellipsoidal domain V¥ has a known exact solution /2/., It can be shown that
principal term of the asymptotlc form of the exact golution as - has the form ¢*f =
oy | apaman w1 o PO A

PO e 21
Oy Y where Um is gJ.vuu U_y relationshi M o\Jed) .

6. A rod in the shape of a tapered spindle. in this case the function ¢(f) has
the form e@)=¢e(l — |E N a@ ~1-—[E]

We again turn to estimates of the action of the operators T and T, on a smooth bounded
function o (E) of the order of unity. We start with the operator T, whichwe represent in the
form

Ty=Ty + I (6.1)
0 1
P ANy L S ( e i SIS AL AN X4 X B PN A (‘ M I B e SR\ INS
W UE)== \ 41 (&5 }jUig)ag, L1 UG ) 41 \&rs)Vis)lUs
-~1 L]
1 SUFY)
i 4 T e 2
Tl (E g 2 iy __enm o2t~ enne
ils AN N S - N |

Here H,(E) is the Heaviside function (H, (&) =1, t>>0 H, (5 =0, t<<0) H_{) = H, (-&).
Let o, (8} be a smooth function given on the positive half-axis §(®,) and defined on the
negative half-axis R_ by using the analytic continuation procedure. We dencte the analogous
function given initially on R_by o_ (3.

Representing the function (T,;¥o04) {8} in a form analogous to (4.1) and evaluating the
integrals occurring there, we obtain
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D, (5/e) (0. (§) ~ 0, (&) — e®, (§fe) [a_(3) + 0, () +
Do_&) — Do, (})] — - ¢* Ine®, (£, &) D*[(1 + B o_(8) +
(1 =820, ®) — 4 lo_©) In (1 + ) + 0, ¢) In (1 — E)) - Ofe?)
o) =0 §)H_ () +o, Q) H, ()
where the functions @, @,, ®, are defined by relationships (4.4).

I1f o4 (0) % 0, then the singular component that occurs on differentiating of |§| must
be discarded here. With this stipulation it is possible to write

(T40) (8) = ¢ IneD?* (1 — |&] o (8)] +
4D (1 — 5| In (1 — |E] ) o @)1 + U )

(6.3)

We now examine (3.7) for the principal term of the expansion of the solution of (1.3) in
a series in e and §(6'¢’lne = O (1)) in the case of a spindle. We rewrite this equation in
the form

o ) 1—
D1 —[§] )20, ()] — 290m° (&) =—roe o (B),  20=1p" (6.4)

(the quantity p® and the function f, are defined in (3.7) and (3.8)). Here, as in (6.2) and
(6.3), the singular component that occurs in the differentiation of |[{ | should be discarded
if 0, (0)5=0.

The general solution of (6.4) has the form

Om’ (B) =T &) +C, (1 — [E D+ +C_(1 — |E | (6.5)
Br = — (L) B VT + 89)

where §,° () 1is a bounded particular solution of (6.4), and C,, C. are arbitrary constants
(g > 0).
Since the elastic field in the neighbourhood of a conical singularity on the boundary of
a medium and inclusion should be square integrable /6/, the constant C, in (6.5) in front of
the function {4 — |& )** non-integrable in [—1, 1], will be taken equal to zero.
Substituting (6.5) for €, =0 into the left-hand side of (3.8) and using the estimates
(6.2) and (6.3), we obtain that the residual in the neighbourhood of the middle of the rod
(¢ =0) is estimated as follows

R = 2e [®, (§/e) — (E/e) @, (5/e)) OB +
2e®, (E/e) [G,° 0) + Cl 4+ 0(e*lneo,’), p=p, C=C
It is seen hence and from {(4.4) that the principal term of the residual damps out with

the asymptotic form |[&/e|™! with distance from the middle of the rod. If the constant C
is selected from the condition that the coefficient for this asymptotic form equals zero, then

C=—-2@2+ p)low (0)

The asymptotic form of the damping of the principal term of the residual is here deter-~
mined by the function |&/e|® while the expression for o,°(t) in (6.7) takes the form

Om’ (8) =Tn’(8) — 2(2 -+ B) &\ (0) (1 — | E] ) (6.6)
In particular if f; in (6.4) is a constant then

on’(®) = Gty [ - g 1 —131P] . gt 6.7)

o -1 , Eo(1 + v
on’ =gl =20 =8N g=1; ¢=— gy

It follows from (6.6), (6.2) and (6.3) that the residual R in (3.8) has a logarithmic
singularity R ~¢*In (1 — 1§ ]) 6,,° (£) as a minimum in the neighbourhcod of the rod ends. To
compensate this part of the residual, functions of boundary-layer type that define the
principal term of the solution in the neighbourhood of the rod ends, should be added to ¢,°(8) .
The equation for these functions can be obtained in the same way as (4.7).

Let us compare (6.6) with the numerical solution of the integral Eq.(3,9). We will make
such a comparison using the example of a model equation analogous to (3.9)

1
amo—-T10=—-—2—s’lns, o, =1—getlne (6.8)

where the operator 7, is defined by the relationships (2.7) and (2.8) for e =¢e{t —|E)D.
Applying the scheme elucidated above, we find that the expression for the principal term o°(§)
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of the expansion of the equation in a series in ¢ has the form of (6.7) for f, = (¥ — 1) tetine.

The numerical solutions of (6.8) are represented in Fig.3 (¢e=0.1) and Fig.4 (¢= 0.0
by solid lines, and the function o°¢) of the form (6.7) by dashed lines. Values of the
parameter g =04, 1.2, 2, 10 correspond to curves l-4, The discrepancy between the solid and
dashed curves can be reduced by adding functions of boundary-layer type localized in the
neighbourhood of the middle of the rod and its ends to o (§).

7. The principal term of the external expansion of the field s(x). 1In con-
clusion, we write down the principal term of the external expansion for the strain field ¢ (2)
in amedium with a stiff rod. 1In the case of an isotropic medium, the kernel K (1} of the
operator Kin (1.1), exactly like Green's function G (z) with which K (z) is connected by the
relationships (1.2), can be written down explicitly. Since for & V the function K (x — z')
in (l1.1) is smooth and bounded, the equality

8(1‘)"—_‘30(1')-—SK(J‘——:.)-(—I(Z)d:,'+O(£, 8) (1)
b

5 ()= (g)g(y%, am)dy, e()=ci"0(z), £ (r)=c;' -0, (1)

follows from (l1.l) at distances from the rod axis substantially exceeding its transverse

dimension. ]
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It is taken into account here that ¢;-¢! =171 4 O (§), and the coordinates ¥, Y,, 2 are
defined in Sect.2.

Substituting the principal term ¢’ (z) of the expansion of the field o (z) within the rod
in a series in ¢, 6 There we will have

%8 (2) =0,,°(2) s (z2) m*m® + 0(0,,°s), §(2)=ma?(z) (7.2)

We note that functions of boundary-layer type in the expression for o°(z) make a
negligibly small contribution {as compared with the component ¢°(z) varying slowly along T)
to the magnitude of the elastic stresses and strains far from the rod. To calculate these
strains, relationships (7.1) and (7.2) can be used, where the function 0,° (z) is determined
from (3.7) with the additional conditions dependent on the rod shape (Sects.4-6).

REFERENCES

1. KANAUN S.K., Stationary field in a uniform medium perturbed by an inclusion in the shape
of a curvilinear rod, PMM, 51, 2, 1987.

2. KUNIN I.A., and SOSNINA E.G., Ellipsoidal inhomogeneity in an elastic continuous medium,
Dokl. Akad. Nauk SSSR, 199, 3, 1971.

3. KUNIN I.A., Theory of Elastic Media with a Microstructure. Nauka, Moscow, 1975.

4. ABRAMOWITZ M, and STEGUN I.M., Handbook on Special Functions with Formulas, Graphs, and
Mathematical Tables, Nauka, Moscow, 1979.

5. NIKISHKOV G.P. and CHEREPANOV G.P., Tension of an elastic space with an isolated stiff rod,
PMM, 48, 3, 1984.

6. KONDRAT'YEV V.A., Boundary value problems for elliptic equation in domains with conical and
angular points, Trudy, Moskov, Matem. Obshch., 16, 1967.

Translated by M.D.F,



